GLOBAL WELL-POSEDNESS OF THE COMPRESSIBLE BIPOLAR 
EULER-MAXWELL SYSTEM IN 



ZHONG TAN AND YONG WANG 



Abstract. We first construct the global unique solution by assuming that the initial data is small 
in the norm but its higher order derivatives could be large. If further the initial data belongs to 
H~'' (0 < s < 3/2) or (0 < s < 3/2), we obtain the various decay rates of the solution and its 

higher order derivatives. As an immediate byproduct, the LP—L^ (1 P 5: 2) type of the decay rates 
follow without requiring the smallness for norm of initial data. In particular, the decay rate for the 
^ difference of densities could reach to (1 + tj <i in L norm. 

o 
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O ' 1. Introduction 

. We consider the compressible isentropic bipolar Euler-Maxwell system in three space dimensions 

[Tjimiii] 



in 



< 



in 

(N 



X 



dth± + div(r;,±M±) = 0, 

dt{n±u±) + div{n±u± (g) u±) + Vp±(n±) = ±h±{E + eu± x B) — -:p^n±u±, 

edtB + V X ^ = 0, ^ ' ' 

A^div_E = r7,+ — ri_, divB — 0, 
^ {n±,u±,E,B)\t=o = {h±Q,u±a,Eo,Ba). 



Here the unknown functions are the charged density n±, the velocity u±, the electric field E and the 
magnetic field B, with the subscripts + and — representing ion and electron respectively. We assume 
the pressure p±{h±) = A±nj. with constants A± > and 7 > 1 the adiabatic exponent. l/r± > are 
^ I the velocity relaxation time of ions and electrons respectively. A > is the Debye length, and e — 1/c 

■ with c the speed of light. 

00 I Although its significance in plasma physics and semiconductor physics, there are merely few mathe- 

■ matical results about the compressible Euler-Maxwell system since its complexity in mathematics. For 
the unipolar case: Chen, Jerome and Wang [2] showed the global existence of entropy weak solutions to 

. the initial-boundary value problem for arbitrarily large initial data in Guo and Tahvildar-Zadeh 

showed a blow-up criterion for spherically symmetric Euler-Maxwell system; Recently, there are some 
results on the global existence and the asymptotic behavior of smooth solutions with small amplitudes, 
see Tan et al. [24], Duan [3], Ueda and Kawashima [27], Ueda et al. [28]; For the asymptotic limits 
that derive simplified models starting from the Euler-Maxwell system, we refer to [T31 UHl 131] for the 
relaxation limit, [21] for the non-relativistic limit, [TSJ [H] for the quasi-neutral limit, [25[ for WKB 



?H ■ asymptotics and the references therein. For the bipolar case: Duan et al. [1] showed the global existence 

and time-decay rates of solutions near constant steady states with the vanishing electromagnetic field; 
Xu et al. [32] studied the well-posedness in critical Besov spaces. Since the unipolar or bipolar Euler- 
Maxwell system is a symmetrizable hyperbolic system, the Cauchy problem in has a local unique 
smooth solution when the initial data is smooth, see Kato pTSl and Jerome [13] for instance. Besides, we 
can refer to [5] [55] for the non-isentropic case. 

In this paper, we will derive a refined global existence of smooth solutions near the constant equilibrium 
(rioo, riao, 0, 0, 0, Boo) to the compressible isentropic bipolar Euler-Maxwell system and show some various 
time decay rates of the solution as well as its spatial derivatives of any order. Because of the complexities 
and some new difficulties, we will study the compressible non-isentropic bipolar Euler-Maxwell system in 
the future work. We should notice that the relaxation term of the velocity plays an important role in the 
whole paper. The non-relaxation case is much more difficult, we refer to [51151110] for such a case. For the 
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compressible unipolar Euler-Maxwell system [21] , we do not need that the initial electron density belongs 
to negative Sobolev spaces or negative Besov spaces -62^^ when deriving the optimal decay rates 
of solutions. However, in Theorem 11.21 the initial total densities nio must belong to H~'' or since 
the cancelation between two carriers. In fact, in Theorem 11.21 the assumption for the initial difference 
of densities 7120 could be deleted given [24]. Compared with [24", there are two major difficulties except 
the computational complexity. First of all, the bipolar system (|l.ip could be reformulated equivalently 
as the damped Euler equations coupled with the one- fluid Euler-Maxwell equations (11.51) . Then, the 
total densities ni in the damped Euler equations is degenerately dissipative because of the cancelation 
between two carriers. It is difficult to close the energy estimates since the degenerate dissipation of ni. 
We manage to obtain the effective energy estimates by dealing carefully with these terms involved with 
Til in the proofs of Lemma 12.81 and Lemma 12.91 The other difficulty is caused by the nonlinear function 
j^ rai±Tt2 -^^ Since ni and 712 have different dissipative structures, we must be careful about the function 
/( "^^"^ ). Here we overcome such a obstacle by some detailed calculi. Without loss of generality, we 
take all the physical constants t± , e. A, A± , riryo in (jl.ip to be one. 
We define 



n±{x,t) = 



n± 



- 1 



u±{x,t) = -j^u±(x, ^) 



Then the Euler-Maxwell system (jl.ip is reformulated equivalently as 



(1.2) 



dt'n± + divM± = —u± ■ Vn± — fj,n±dYvu±, 

dtu± + h'u± T u± X _Boo + V7i± ^ i^E = —u± ■ Vw± — ^n±'Vn± ±u± x B, 
dtE ~ vV X B + ly (m+ — u_) = 1/ {f{n^)u^ - f{n+)u+) , 
dtB + vV xE = 0, 

divS = y {f{n+) - f{n^)) , divS = 0, 
, {n±,u±,E,B)\t=o = {n±(i,u±Q,E(i,Bo). 



Here ^ 



7-1 



y= and the nonlinear function f{n±) is defined by 



77 



fin±) 



7-1 \ 
1 + ^-— n±| -1. 



(1.3) 



In fact, we have assumed 7 > 1 in (II. 2p . If 7 
Let 



1, we instead define n± := \nh±. 



Til = ri+ -|- n_, 712 = — Ul = + M_, U2 = — u_. 



that is 



Til + n2 
n+ = , ri- 



ni - n2 



Ul + U2 



Ul - U2 



(1.4) 



Then U :— {ni,n2,ui,U2, E, B) satisfies 



' dtUi + divui = gi, 

dtUi + VUi - U2 X Baa + Vrii = 92 + U2 X B, 

dtn2 + divu2 = 53, 

dtU2 + VU2 — Ul X Boo + V7T,2 — 2z/i? = gi + ui X B, 
dtE - X B + VU2 = 55, 
dtB + vV X E = 0, 
[A\YE = v{f{^-^)^ f{^)), divS = 0, 



(1.5) 



with initial data 



U\t=o = Uq (nio,n2o,wio,M20,£'o,i?o)- 
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Here 



91 = 


1 , 
— mi 


■ Vni + 


U2 ■ 




92 = 


1 ( 
—^{ni 


• Vmi + 


U2 ■ 


VM2) 


93 = 


1 , 
—^{ni 


• Vn2 + 


U2 ■ 


Vni) 


94 = 


1 , 


• VM2 + 


U2 ■ 


Vmi) 


95 = 


M 


ni - n2 
2 




- U2 

2 



2 

2 

2 
A* 

I' 

'rii + n2 \ Ml + M2 



2' (niVni + n2Vn2) , 

2 (nidivM2 + n2divui) , (1.6) 
^ (niVn2 + n2Vni) , 



/ 

Notations: In this paper, we use H^{E?)^s G M to denote the usual Sobolev spaces with norm 
and LP(M'^), 1 < p < oo to denote the usual spaces with norm ||-||^p. with an integer £ > stands 
for the usual any spatial derivatives of order £. When £ < or ^ is not a positive integer, stands 
for defined by A*"/ := where ^ is the usual Fourier transform operator and is 

its inverse. We use H'^{M?)^s G M to denote the homogeneous Sobolev spaces on M? with norm 
defined by := ||A''/||^2- We then recall the homogeneous Besov spaces. Let (f) G C^{R^) be such 

that 0(^) = 1 when |C| < 1 and = when |^| > 2. Let ip{^) = 0(0 - 0(2^ and ipj{^) = ip{2^^C) 
for i G Z. Then by the construction, X^jez VjiO ~ 1 if C 7^ 0- We define Aj/ := ,^^^{ipj) * f, then for 
s G M and 1 < p,r < oo, we define the homogeneous Besov spaces ^.(U.^) with norm || • defined by 



Particularly, if r = oo, then 



11/11^. :-sup2^^ 



A,/ 



LP 



Throughout this paper we let C denote some positive (generally large) universal constants and A 
denote some positive (generally small) universal constants. They do not depend on either k or N; 
otherwise, we will denote them by Ck, Cm, etc. We will use a < 6 if a < C&, and a ~ & means that a <b 
and b ^ a. We use Co to denote the constants depending on the initial data and k, N, s. For simplicity, 
we write ||(A, i?)||^ :— \\A\\^ + ||i?||^ and J f ■= J^s f dx. {*) x e + (**) denote that multiplying (*) by 
a sufficiently small but fixed factor e and then adding it to (**). 

For iV > 3, we define the energy functional by 

N 
1=0 



and the corresponding dissipation rate by 

N N N-1 N-1 

Pjv(t) := II^'^^iIIl^ + J2 \\V'in2,ui,U2)\\l, + ^ ||V'^||^, + ^ ||V'b||^, . 
;=i /=o 1=0 1=1 

Our first main result about the global unique solution to the system (|1.5p is stated as follows. 

Theorem 1.1. Assume the initial data satisfy the compatible conditions 

divide = .(/(^^i^^)-/(^^i^^)), clivSo = 0. 

There exists a sufficiently small Sq > such that if £^(0) < Sq, then there exists a unique global solution 
U{t) to the Euler- Maxwell system (ll.Sp satisfying 

/"OO 

sup£3(i)+/ P3(T)dT<Cf3(0). (1.7) 

0<t<oo Jo 

Furthermore, if £n{0) < -\-oo for any iV > 3, there exists an increasing continuous function PNi') 
with PAr(O) = such that the unique solution satisfies 

sup £N{t) + / Vn{t) dr < Pn (fjv(O)) . (1.8) 

0<i<oo Jo 
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In the proof of Theorem 11.11 the major difficulties are caused by the degenerate dissipation for the 
total densities and the regularity-loss of the electromagnetic field. We will do the refined energy estimates 
stated in Lemma 1^^2.91 which allow us to deduce 

and for iV > 4, 

at 

Then Theorem [TTI follows in the fashion of [5] [50 1 1 ^ . 

Our second main result is on some various decay rates of the solution to the system (jl.5l) by making 
the much stronger assumption on the initial data. 

Theorem 1.2. Assume that U(t) is the solution to the Euler-Maxwell system (ll.Sp constructed in Theo- 
rem \l.l\ with N >5. There exists a sufficiently small 6q = So{N) such that if £^(0) < Sq, and assuming 
that Uq £ iJ^" for some s £ [0,3/2) or Uq £ for some s e (0,3/2], then we have 

\\UmH-^<Co (1.9) 

or 

\\U{t)\\^-.^<C,. (1.10) 
Moreover, for any fixed integer k > 0, if N > 2k + 2 + s, then 

\\v''U{t)\\^,<Co{l+t)-'^. (1.11) 
Furthermore, for any fixed integer k > 0, if N > 2k + A + s, then 

\\\/''{n2,ui,U2,E){t)\\^, < Co(l+t)-^; (1.12) 

if N >2k + 6 + s, then 

||v'=n2(i)||^, <Co(l + <)-^; (1.13) 
if N > 2k + 12 + s and = 0, then 

||V'=(n2,div7.2)(i)|L. <Co(l + t)-(*+5+«). (1.14) 

In the proof of Theorem 11.21 we mainly use the regularity interpolation method developed in Strain 
and Guo , Guo and Wang [T^ and Sohinger and Strain [32] . To prove the optimal decay rate of the 
dissipative equations in the whole space, Guo and Wang [H] developed a general energy method of using 
a family of scaled energy estimates with minimum derivative counts and interpolations among them. 
However, this method can not be applied directly to the compressible bipolar Euler-Maxwell system 
which is of regularity-loss. To overcome this obstacle caused by the regularity-loss of the electromagnetic 
field, we deduce from Lemma I2.8H2.9I that 
d 

dt' 

where and Vl+^ with minimum derivative counts are defined by (|3.5p and p.6p respectively. Then 
combining the methods of [T^l [H] and a trick of Strain and Guo [13] to treat the electromagnetic field, 
we manage to conclude the decay rate (|l.lll) . If in view of the whole solution, the decay rate (|l.lip 
can be regarded as be optimal. The higher decay rates (jl.l2p - (jl.l4p follow by revisiting the equations 
carefully. In particular, we will use a bootstrap argument to derive (jl.l4p . 

By Theorem 11.21 and Lemma I2.4H2.5[ we have the following corollary of the usual LP-L^ type of the 
decay results; 

Corollary 1.3. Under the assumptions of Theorem I j.^l except that we replace the H^^ or i?2^^ as- 
sumption by that Uq £ for some p G [1,2], then for any fixed integer k > 0, if N > 2k + 2 + Sp, 
then 

||v'=(7(t)||^, < Co{l+t)-'-^. 

Here the number Sp 3 — . 

Furthermore, for any fixed integer k > 0, if N > 2k + A + Sp, then 

\\V''{n2,ui,U2,E){t)\\^, < Co(l-Ki)"^^; 

if N >2k + 6 + Sp, then 

||V^n2(i)||^, < Co(l + i)-^^; 



+ Vl+^ < Ck\\{n2,ui,U2)\\L^ ||V*'-+2(ni,n2,ui,W2)||^, \\\/''+^{E, B)\ 
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if N > 2k + 12 + Sp and Boo = 0, then 

\\V''{n2,diYU2m\\^,<Coil+t)-^^+i+'-l (1.15) 

The followings are several remarks on Theorem I1.1H1.2I and Corollary 11.31 

Remark 1.4. In Theorem we only assume that the initial data is small in the norm but the 
higher order derivatives could be large. Notice that in Theorem \1.S\ the H^^ and -62^^ norms of the 
solution are preserved along the time evolution, however, in Corollary \1.3\ it is difficult to show that 
the LP norm of the solution can be preserved. Note that the decay rate of the higher order spatial 
derivatives of the solution is obtained. Then the general optimal L'' (2 < q < 00) decay rates of the 
solution follow by the Sobolev interpolation. 

Remark 1.5. In Theorem ] 1.21 the space i?^" or was introduced there to enhance the decay rates. 

By the usual embedding theorem, we know that for p £ (1,2], C with s = 3(- — i) G [0,3/2). 

■ -^1 

Meantime, we note that the endpoint embedding C i?2 od holds. Hence the L^-L'^il < p < 2) type of 
the optimal decay results follows as a corollary. 

Remark 1.6. We remark that Corollary \1.3\ not only provides an alternative approach to derive the 
LP-L^ type of the optimal decay results but also improves the previous results of the L^-L^ approach in 
Duan et al. [4 . In Duan et al. [4], assuming that B 00 — and \\Uq\\^i is sufficiently small, by combining 
the energy method and the linear decay analysis, Duan proved that 

\\n2{t)\\L2<Co{l + t)-i, \\{u^,U2,E){t)\\^,<Co{l + t)-i and \\{n^, B){t)\\^, < C„{1 + t)-'^ . 

Notice that for p = 1, our decay rate of 71.2 (t) is (1 + t)^^^^^ in (|1.15p . 

The rest of our paper is structured as follows. In section [21 we establish the refined energy estimates 
for the solution and derive the negative Sobolev and Besov estimates. Theorem 11.11 and Theorem 1 1.2 1 are 
proved in section |31 

2. Nonlinear energy estimates 

In this section, we will do the a priori estimate by assuming that ||rt±(t)||j:^3 < (5 <C 1. Recall the 
expression (|1.3p of f{n±) and (|1.4p . Then by Taylor's formula and Sobolev's inequality, we have 

'ni ± 7^2 ' 



/ I 2 J 2 



(fc) 



< Ck for any fc > 1. (2.1) 



2.1. Preliminary. In this subsection, we collect some analytic tools used later in this paper. 
Lemma 2.1. Let 2 < p < +00 and a,m,£ > 0. Then we have 

||V"/||^, <Cp||v™/||ii''||vV||l.. 

Here < 9 < 1 (if p = +00, then we require that Q < 6 < 1) and a satisfies 

a + 3 Q - = m{i~e)+ie. 

Proof. For the case 2 < p < +00, we refer to Lemma A.l in ^12,; for the case p — +00, we refer to 
Exercise 6.1.2 in [7] (pp. 421). □ 

Lemma 2.2. For any integer k > 0, we have 

||vV(n)|L^ <C..||V'^-+in||^f ||V'=+2n||^{', (2.2) 

and 

||vV(ri)|L. <Cfe||V'=n||^,. 
Proof See Lemma 2.2 in [H]. □ 

We recall the following commutator estimate: 
Lemma 2.3. Let k > 1 be an integer and define the commutator 

[V^5]/l = V^■(5/i)-5V'=/^. 

Then we have 

II [V^ff] h\\^, < Cu (llVglli^ IIV^-^/ilL, + IIV^slL. Ml^) , 
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and 

W^^igh^^, < Ck (llfflL. ||V^/i||^, + llv'^ffll^, \\h\\^^) . 

Proof. It can be proved by using Lemma I^TTl see Lemma 3.4 in [TB] (pp. 98) for instance. □ 

Notice that when using the commutator estimate in this paper, we usuahy wih not consider the case 
that fc = since it is trivial 
We have the embeddings: 

Lemma 2.4. Lei < s < 3/2, 1 < p < 2 with 1/2 + s/3 1/p, then 

\\f\\H-^<\\f\\L^- 

Proof. It follows from the Hardy-Littlewood-Sobolev theorem, see [7]. □ 
Lemma 2.5. LetQ<s< 3/2, 1 <p< 2 with 1/2 + s/3 = 1/p, then 

ll/b-^<ll/IL.- 

Proof. See Lemma 4.6 in [52]. □ 

It is important to use the following special interpolation estimates: 
Lemma 2.6. Let s > and ^ > 0, then we have 

II VVIL. < II V^+V||l;' 11/11^-. , where 9 = ^^j-^. 
Proof. It follows directly by the Parseval theorem and Holder's inequality. □ 
Lemma 2.7. Let s > and i >Q, then we have 



|VV|L. < ||V^+V|L; , where 



1 



Proof. See Lemma 4.5 in □ 

2.2. Energy estimates. In this subsection, we will derive the basic energy estimates for the solution 
to the Euler-Maxwell system p.5p . We begin with the standard energy estimates. 

Lemma 2.8. For any integer k > 0, we have 

, k+2 fc+2 

iEiiv'f/ir..+AEiiv'("i'-2)ii'^ 

l=k l=k 



/ k+2 k+2 k+1 

<CkFi I|v'"i||L + EII^'("2,ui,m2)||'2 + EII^'^IIl^ + II^''^'^I 



L2 



\;=*:+l l=k l=k / 

+ ||(n2,ui, 1*2)11^.. ||V^-+2(n2,wi,7/2)||i. ||V'=+2(£;,B)||^,, (2.3) 
where F is defined by 

F = F{ni,n2,ui,U2,B) ||Vni||^2 + IIK, ui, U2)||^,,^j^^|+2^^3 + II^^IIl^ ■ 

Proof. The standard V' {I = k, k + 1, k + 2) energy estimates on the system (|1.5p yield 
~ J |V'(ni,n2,Mi,M2)|' + ^ J \S7^iE,B)f + iy\\V^{ui,U2)\\l, 

+ J V'(m2 X B) ■ V'mi + V{ui X B) ■ Vu2 + 2i^y" V'gs • 

:= Ii + I2 + 21^13. (2.4) 
We now estimate Ii ~ /a. First, by (jl.6p . we split Ji as: 



/ ^' <^"2 • Vn2) V'ni + V' {U2 ■ Vrii) V'n2 



COMPRESSIBLE BIPOLAR EULER-MAXWELL SYSTEM 

-| / ^' ('^idivu2) V'ns + V' (niVna) ■ V'ua 
~ 2 / (nsdivus) V'711 + V' (nsVni) • V'u2 
-| / ^' ('^2divui) V'ns + V' (n2Vn2) ■ V'ui 



:= ^ (/ii + I12 + hs + hi) + ^ {Ii5 + he + In + hs) ■ (2.5) 

We shall estimate the eight terms on the right-hand side of (|2.5I) . We must be careful about these 
terms involving ni since ni is degenerately dissipative. First we estimate In. We have to distinct the 
arguments by the value of I. For Z = fc or fc + 1, we have 



- / V' (lii ■ Vm) V'm = - f Yl C'/v'-^wi • VV^^l V 

o<e<i 

< J2 VVVILe/sllV'nill^e 

o<e<i 

^ J2 ll^'^'^i -^^'"11^6/5 llv'+^nill^,. (2.6) 

0<i<l 

li < £ < [^] 7 by Holder's inequality and Lemma A.l, we have 

< lluilli. W^'uiWl'J ||V"ni||^;^ ||V'+'rii||J, 

< (llVmll^. + ||mi||^3) (||V'+ini||^, + ||V'z.i||^,) , (2.7) 

where a is defined by 



, 3 1 since £ < 



« 3 ^\ n .^ ^ 2,1 -2£ 

if [^] + 1 < £ < Z, by Holder's inequality and Lemma A.l again, we have 
||V'-V • VVV|L6/5 < ||V'-V||^3 ||V^+ini||^, 

< ||V"mi||J. ||v'ui|| J llVmllJf ||v'+ini||f, 

< (llVmll^. + hi||^3) (||V'+ini||^, + ||V'wi||^,) , (2.8) 

where a is defined by 



l-£^\^a>c\+l~£=^a=i-^e 



-,3) since £> — . 



.2 

In light of (PTTI) and (1^ . we deduce from ((^ that for Z = fc or A: + 1, 

- [ui ■ Vni) V'ni < (llVmll^. + ||ui||^3) (|| V'+^niH', + ||v'ui||',) . (2.9) 

Now for Z = fc + 2, by integrating by parts and Lemma 12.31 we have 

< {WMl^ + IIV^+^will^, llVnill^^) llV^+^mll^, 
-^y'^i-v(v''^+Vv'^-+V) 

< |lV(7ii,ui)||^^, \\v''+^{n,,u,)\\l, + divui IV'^+^^if 

< (llVmll^. + ||ui||^3) ||v'=+^ni,^i)||^. . (2.10) 
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On the other hand, hke (|2.10p . we have ioi I = k, k + 1, k + 2, 



J V' (ui ■ Vui) • V'ui = - y (ui • VV'-iti + [V', iti] • Vui) • V 



Ul 



< ||V^.i||^^||V'wi|L,. (2.11) 



lL2 

Hence, by ([ ^ - (pUj) . we have for Z = fc, fc + 1, 

hi < (llVmll^. + 11^.111^3) (||V'+ini||', + ||V'wi||^,) 

and for I — k + 2, 



hi < (llVriill^, + ll^ill^s) ||V^+2(ni,ui) 



|2 



Like (PIUI) . we have for / = A:, A: + 1, A; + 2, 

h2 < ||(n2,Ul,"2)||_H-3 ||V'(n2,Ul,U2)||^2 , h4 < ||(wi,W2)||/j-3 ||V'(lii,U2)||^2 . 

As in ([^ - (PHI)) . we have for / fc, fc + 1, 

^13 < (l|Vni||^2 + 11(^2,^2)11^3) (||V'+i(ni,n2)||'2 + HVmiH'^) , 

and for I = k + 2, 

hs < (I|VniIla2 + 11(^2, ii2) 11^3 ) ||V'=+2(ni,n2,ui)||'2 • 
We next estimate the term /15. For / = fc or fc + 1, we spht /15 as: 

/i5 = - J V'(nidiviii)V'ni + V'(niVni) • V'wi 

= ^ / E cfv'-^ilV^divulV'nl - / E Q'v''^ilV^+^il • v'ui 

- j nidivV'wiV'm + niV'+^m • V'wi 

:=/l51+/l52+/l53. (2.12) 

First we estimate /153. By Holder's, Sobolev's and Cauchy's inequahties, we obtain 

/i53 = - j riidivV'wiV'rii +riiV'+^ni ■ V'mi = -y nidiv(^V'MiV'ni^ = j VriiV'wiV'ni 

< ||Vni||^3 ||V'ui||^, ||V'ni||^6 < ||Vni||a2 (||V'+ini||^2 + llv'uill'2) • (2-13) 
Next we estimate the term /151. By Holder's and Sobolev's inequahties, we obtain 

/i5i=-/ Yl C'fv'^^niV^divwiV'ni < ^ || V'"^niV^divui||^6/5 || V'ni||^6 

0<£<(-l 0<i<l-l 

< ||v'-VvMivui||^,/, ||V'+ini||^, . (2.14) 

Q<1<1-1 

If < ^ < [^] , by Holder's inequality and Lemma A.l, we have 

||v'-VvMivui||^,/, < ||v'-V||^3 ||v'+^Mi||^, 

2t + l 21-2£-l 2i-2g-l 21 + 1 

< (||Vni||^2 + \\ui\\h.) (||v'+ini||^, + \\Vui\\^,) , (2.15) 

where a is defined by 

2/-2£-l 2£+l I /I o\ • 

^+1="^ 2l + ^=^"= 2^-2^-1 ^1"'^' 
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if [|] + 1 < £ < ^ — 1, by Holder's inequality and Lemma A.l again, we have 



1^6/5 ^ II ^ "J-llLa II ^ "i||L2 

l|v"7^i||ff IIv'+VII^T" 

< (llVnill^. + (||V'+ini||^, + ||V'ui||^,) , (2.16) 



e+i i-t-i i-i-i t±2. 

< l|V"ni||^ ||V'+^ni||^,' ll^illZ^ IIV'^^ilL^ 



where a is defined by 



, „ 1 £ + 1 , 
l-i+-^ax — \-{l + l)x J 



-, 3 1 since i > — . 



In hght of (Pl^ and (PH)) . we deduce from ([^1^ that 

/i5i < (llVmll^. + \\u,\\^:,) (||V'+ini||^, + ||V'ui||',) . (2.17) 
Finally, we estimate the term /152. By Holder's inequality, we obtain 

/i52 = -/ E C/V'-VV^+V-VV< E (2.18) 

o<i<i-i Q<e<i-i 

If < £ < [5] , by Holder's inequality and Lemma A.l, we have 

< llVmlli, ||V'+ini|| J ||V"ni||J;f ||V'+ini||f, 

<||Vni||^. ||V'+Hii||^,, (2.19) 

where a is defined by 



, 3 I since < ^ ; 



if [|] +1 < £ < ^ — 1, by Holder's inequality and Lemma A.l again, we have 

< l|V"ni||^ P'^'M\^L-'^" ll^'^illll'^ P'^'M\t" 

< llVnill^. ||V'+ini||^,, (2.20) 

where a is defined by 



l-t+- = ax + (/ + 1) X 1 - 



2 / - 1 ' 'V / - 1 



3 \ l + l 

- , 3 since I > — - — . 



-/ + 1 

In light of (PJ^ and we deduce from that 

^152 < llVnill^. (||v'+'ni||', + ||v'ui||',) . (2.21) 
Hence, by ([^l^ . (PTTl) and (g^, we deduce from ((^1^ that for ^ = A:, fc + 1, 
^15 < (llVmll^. + 11^.111^3) (||V'+ini||^, + llV'^^if^,) . 
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For / = fc + 2, like (PTH]) . we have 

/i5 - - y" V'=+2(nidivui)V'=+2ni + \/''+^{niVni) ■ V'^+^wi 

- j nidivV'^+^uiV'^+^ni + m VV'^+^m • V'^+^ui 

< (livniii^^ IIV^+^iiilL, + IIV^+^^ill^, livuilli^) IIV^+VIL. 



<(l|Vnl||^. + ||^^l||^3)||V'=+2K,^.l) 



|2 



Applying the same arguments to these terms /ig-Zis, we deduce that for Z = fc or fc + 1, 

/i6 +/17 + /18 < (||Vni||^2 + \\{n2,ui,U2)\\H3) (||v'+^(ni,n2)||J^, + || V'(ui, U2)|| J^,) ; 
for ; = fc + 2, 

^16 + In + hs < (l|V?ii||^2 + 11(^2, Ml, U2)|lij3) ||v''+^(ni,n2,-ui,U2)||^2 . 
Hence, by these estimates for In ^ /ig, we deduce for I ~ k, k + I 

h < (||Vni|j^2 + 11(712, Ml, U2)||^3) (||v'+i(ni,n2)||'2 + || V'(mi, Ma)!!^^) ; (2.22) 

for Z = fc + 2 

h ^ (ll^^^illz/s + ||(n-2,Mi,M2)||^3) ||V''+^(ni,n2,Ui,U2)||^2 • 

Now we estimate the term I2 , and we must be much more careful about this term since the magnetic 
field B has the weakest dissipative estimates. First of all, we have 



I) 1 ^ 



I 

<CiY, (||V'"'^2V^S||^, ||V'mi||^, + ||V'-VV^B||^, W^'MIl-) ■ (2-23) 

Here we notice V'it2 x B ■ V'mi + V'mi x B ■ V'u2 = 0. We only estimate the first term on the right-hand 
side of (|2.23p . the second term can be estimated similarly. We again have to distinct the arguments by 
the value of I. First, let Z = fc. We take — and then apply Lemma [2. II to have 

< iiv"m2|||2 \\^''U2\\1'J \\vB\\]-J wV'+^bwi, , 

where a is defined by 

„ ^ 

2 k \ k J 2£ - 2 

Hence by Young's inequality, we have that for I = k, 

h < Ck (||(mi,M2)||^. + IIVBII^^) {\\\/''{ui,U2)\\l, + ||V^-+ii?||',) . (2.24) 
We then let Z = fc + 1. If 1 < < /c, we take — and by Lemma [2.11 again to obtain 
\\\/''+'-'u2\/'B\\^, < ||V'=+1"^M2|L3 ||V'S||^« 

< \\y"u2\\% ||v^-+1m2||^;^ iivi?ii^;^ l|v'+'i?||t , 

where a is defined by 

^ + l-^+i = «x| + (fc + l)x(l-^)=^a = l + A<^ + l; 



, „ 1 i , f ^\ k k 

k-£+-^ax- + kx l--r =S> a = — < -■ 
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if £ = fc + 1, we take L°° - L"^ to get 

We thus have that for I = k + 1, hy Sobolev's inequahty, 

h < Ck (\\iui,U2)\\^k^,^^^ + \\\/B\\^2^ (^||V'=+^(ui,U2) \\l. + \\V'+'B\Q 
We now let / = fc + 2. li 1 < £ < k, we take — and by Lemma \TJ\ again to have 

< ||V"^.2|li IIV^+^wzL. 

where a is defined by 



L2 



1 £ 

k + 2-£+- = ax- + {k + 2)x (1- , 

2 k \ k 

if £ = fc + 1 or A; + 2, we take L°° - to get 



^ k k ^ 
a = 2 + -<-+2; 



\VU2V''+^B\\ < l|Vu2|lio. ||V^+iS| 



L2 ' 



and 



L2 • 



We thus have that for Z = fc + 2 
h < Ck f||K,W2) 



+ C 11(7.1, W2)ILo„ ||V'=+2i?||^, ||V'=+2K,U2)||^,. 

We now estimate the last term in (|2.4p . First, we split /a as: 



/3 = / 



f=0 



^^l - ^^2 \ / "i - "2 



v7 



£ „ / "l -"2 \ 



?ii + ^^2 \ /^ui + U2 



ni + n2\ I 



=0 

_ v V V V 



^ ' ' V 1*2 • V E 



(2.25) 



We still have to distinct the arguments by the value of /. For / — fc or fc + 1, we only estimate the 
first term /31 on the right-hand side of (j2.25p . the other terms I32-I34 can be estimated similarly. If 
< £ < / — 1, we take L°° — and by Lemma [2. II and the estimate (j2.2p of Lemma [2.21 to obtain 



v7 



< 



L2 



ni - n2 



L2 



< G ||V^+ini||2. ||V^+^ni||2. ||V'-V|L. +G ||V^+in2||2. ||V^+^n2||2. ||V'-V||^. 



<G ( llVnill'r ||V'+ini||^ 



+ G ( llVnsll^!. l|V'+'n2||];j (||Vn2||^.' ||V'+'n2||^^ ) \\V''ui 



;+i^ \\—r 



L2 



lL2 



<G||Vni|| 



|V'+ini||J' ||V"7/i||J' ||V'ui||^/ 



+ G||Vn2||i. - \\V'+'n2\\.l' ||V"wi 



where a is defined by 



l-£ = ax ^^^^p- + ^ X ( 1 - 



2^+1^ 



21 



I 



2£+l 
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if £ = /, wc take — L°° and by the estimate (|2.2p of Lemma to have 



Ml 



< 



L2 



W1IL3 <G||V'+^(ni,n2)L, lluill^i 



L6 



We thus have that for Z = fc or fc + 1, 

/31 < Ci (||V(ni,n2)||i. + lliiillH^nifO (|| V'+H"i, ^2)||'. + ||v'«i||', + ||v'i?||',) 
Hence, we have that for Z = fc or fc + 1, 



h < 



Ci (||V(ni, 712)11^2 + ||(Mi,'"2)||_H-'n_H-i) : '^2)11^2 + II M2 

)IIl^ + I|v'^IIlO- (2-26) 



Now for Z = fc + 2, we rewrite /31 + 133 as 

fe+2 



/31 + /33 = E CU, j V'gV'+'-'u, . V'+'E 
1=0 •' 

= j (.gV^+^T/i + V'^+^.gui) ■ V'^+^i? - (fc + 2) j (v"+2.gVui + VyV^+^ui) • V'^+^i? 



-^311 + -^312 + -^313 + -^314, 

where the function g is defined as 



ni - n2 



f 



ni + n2 



(2.27) 



By Lemma 12.21 and (12. ip , we have 

/311 < Ck {Ml^ l|v'+'iii|L2 + llv'^+2511^2 II^iIIloo) ||v^-+2i?||^. 



< Ck 11(^2, ||v'=+2(n2,?/i)||^2 ||V^+2£;||^, 



and 



/312 < (||v^-+25|L2 livuiiii^ + iiv^llioo ||v^-+27.i||^,) ||v^+iii;||^, 

< Cu ||V(n2,"i)|lioo ||V'=+2(n2,?/i)||^2 W^^+^EW^^ . 
As for the cases / = fc, /c + 1 for 13, we can bound /313 and /314 by 

-^313 + -^314 

< Cu (||V(ni, 712)11^2 + ||wil|^.+0 (||v'=+2(ni,n2)||'2 + || V'-+^mi||^2 + ||V^+i 
Hence, we have that for Z = fc + 2, 



E\ 



-^31 + -^33 



<Cfc(||Vni||^2 + 11(^2 (||V-V||l2 + ||V-^n, 



yfe+l^l 



L2 



+ Cfc||(n2,wi)||io. ||V'=+2(n2,ui)||^, llv'^+^i^ll^,. 
Similarly, we can estimate 132 + la for I = k + 2. So, we have for I = k + 2, 

/ k+2 \ 

/3 < Cfc(||Vni||i2 + ||(n2,Mi,U2)||ff.+inff3) J2 II ^'('^i' '^2, "i, U2)|| J^2 + \\'^''^^E\\1, 

\l = k+l J 

+ Ck \\in2,ui,U2)\\^^ ||V'^'+2(n2,wi,W2)||i2 WV'+^EW^, . 

Consequently, plugging these estimates for Ii ^ I3 into (|2.4p with / = fc,fc + l,fc + 2, and then summing 
up, we deduce (|2.3p . □ 



Note that in Lemma 12.81 we only derive the dissipative estimates of ui and U2. We now recover 
the dissipative estimates of ni,n2,E and B by constructing some interactive energy functionals in the 
following lemma. 
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Lemma 2.9. For any integer k > 0, we have that for any small fixed t] > 0, 

^k+l „ fe+1 



Cfe+2 k+2 fe+1 \ 

E + E II v'-2||^. + E llv'i^ll^. + W^'^'Bwl I 
/=fc+i 

k+2 

< C^||V'(U1,M2)| 



|2 

l=k 



Cfe+2 /c+2 \ 

E ll^'"i|ll^ +Ell^'("2,wi, 1/2)11^2 + ||V''^+1B||^J , (2.28) 
i=fe+i i=fe / 

where G is defined by 

G = G{ni,n2,ui,U2,B) := ||Vni||^2 + I|(n2, ui, U2)|lHfc+inif3 + ||VS||^2 • 

Proof. We divide the proof into four steps. 

Step 1: Dissipative estimates ofni,n2. 

Applying V' {I ~ k,k + 1) to (|1.5P n. (|1.5p ^ and then taking the inner product with VV'ni, VV'n2 
respectively, we obtain 



J dtVui ■ VV'ni +dtVu2 ■ VV'n2 + || VV'(ni,n2) 



,2 



< 2i/ / V^E ■ VV'n2 +C||V'ui||„ 11 V'+^nilL^ + C 11 V'u2L2 ||V'+Hi2| 



\ 1^2 II ^ -'-IIl^ II *^IIl^ II ■^IIZ/^ 
V' (wi • Vu2 + W2 • Vmi + niVn2 + n2Vni + mi x „ 11 V'+"^n2| 



+ IIV' {ui ■ Vui +U2 ■ Vu2 +niVni + n2Vn2 + it2 x B)\\^ ||v'+^ni|| ^ . (2.29) 



lL2 II ^ "-^IlLa 

Il^II^'^'VIL^ 

The delicate first term on the left-hand side of (|2.29p involves 9fV'(wi,U2), and the key idea is to 
integrate by parts in the i- variable and use the equations (jl.Sp ^^ and (jl.SP n. Thus integrating by parts 
for both the t- and a;-variables, we obtain 

V'-dtUi ■ VV'rii + V'5fW2 • VV'n2 



d 
dt 



J V'ui • VV'tii + V'w2 • VV'712 + J V'diviti V'9tni + V'divu2V'atn2 
= ^y"^'"i ■ VV'ni + V'w2 • VV'n2 - ||V'div(ui,it2)||^2 + ^ V'divMiV'51 + V'divti2V'53 

>^J V'ui- VV'711+V'U2- VV'712-C||V'+1(U1,U2)||^2 

— C II V'(ui • Vtii, U2 ■ Vni, nidivui, riidivu2) ||^2 

— C ||v'(ui • V7i2,U2 • Vn2,n2divu2,n2divui)||^2 • 
First, we have 

||V'(ui • Vni)||^2 ^ E ||V^wi ■ VV'"^ni||^2 ■ 
o<e<i 

If ^ = 0, then 

Ihi • VV'ni||^2 < WMl^ II^'^'"i|Il^ ^ WMm ||V'+^ii|L2 ; (2.30) 
if 1 < ^ < [|] , by Holder's inequality and Lemma A.l, we have 

||v^ui • vv'-V||^2 < ||v'+^-V||^e IIVVIL3 

< llVnillff ||V'+ini||)7^ ||V"^/i||^ ||V'+'"i||X 

< (llVni|1^2 + ||ui||^3) ||v'+i(ni, 7.1)11^2 , (2.31) 



14 



ZHONG TAN AND YONG WANG 



^,3 ) since i < -z', 



where a is defined by 

„ 1 l-£+l ,, £-1 3l-2£ + 2 
£ + - = a X h (/ + 1) X =^ a = e 

if [^] + I < £ < I, by Holder's inequality and Lemma A.l again, we have 

||vV • vv'-V|L. < ||v'+i-V||^3 ||vV||^6 

< l|V"ni||]f ||V'+ini|||^ \\u,\ff ||V'+iui||ff 

< niTy^. II _ _L lu,. II _ ^ IIy7'+i/ 



(||Vni||^. + ||ui||^3)||V'+i(ni,^.i)| 



L2 



(2.32) 



where a is defined by 



'-^+2="^/+l 



1 , , 3Z + 3 



2^ + 2 



- , 3 since £ > 



Hence, by (USD]) "(11321), we have 

||V'(ui • Vni)||^, < (llVmll^. + |l«i|1^3) ||V'+iK,wi)||^, . 
Similarly, we also have 

||V'(w2 • Vni,nidivui,nidivw2)||^2 ^ (l|Vni||^2 + ||(wi, M2) H^s) || V'+^(ni, ui, U2)| 
Using the commutator estimate of Lemma 12.31 we have 



(2.33) 
(2.34) 



|V'(wi • Vn2)||i2 < ||"i • '^'^'^2 11^2 + • Vnaj 



L2 



< G 11(^2, "i)||ff3 (||v'(n2,?/i)||^2 + ||v'+'n2||^2) ■ (2.35) 



Similarly, 



|V (w2 • Vn2,»^2divu2,ri2divui)||^2 

< Cl 11(^2, Ul,U2)||^3 (||V'(n2,Ui,U2)||^2 + ||V' + ^(n2,Ui,U2)||^2) 



(2.36) 



Hence, we obtain 

J Vdtui ■ VV'ni + VdtU2 ■ VV'n2 

-Jtj ^'"^ ' '^'^"1 +^'"2 • V'Vn2 - C||V'+^(ui,U2)| 

-Cl (l|Vni||^2 + 11(^2, Wi,M2)||^3) (||V'(n2,Ml,M2)||^2 + 1 1 V' + l (ni , 7^2 , Ui , U2) 1 1 ^2) • (2-37) 

Next, integrating by parts and using the equation (|1.5I) -.. we have 



,2 

Il2 



2v I VE-VVn2 



2v / V'div£;V'n2 = ~2v^ / V /( 



-2v^ / V 



"2 + /( ) - /( ) - f^2 



/(- 



V'n2 



) V'n2 



< - ||V'n2||'2 + (l|Vni||^2 + 11^211^3) (||V'+i(ni,n2)||^2 + ||V'n2 



Here we have used the estimate 



/( ^ ) - /( ) - ^2 



2 ' ' ^ 2 
< (||Vni||^2 + 11^211^3) (||V'+i(ni,n2)||^2 + ||V'n2||^2) ■ 
In fact, by noticing that j( "i+"2 ) _ /( "i~"^ ) ~ n2 ^ nin2 and Lemma 1^?^ we have 



ni+n2, ^,^1-712, 
/( — — ) - /( — 7, — ) " "2 



L2 



< ||V'(nin2)||^2 < II^VV 



^2 



L2 



0<l<l 



If £ = 0, then 



"iV'nzll 2 < II"i|Il6 ||V'n2|| 3 < ||Vnil|^2 ||V'n2 



Iffi 



(2.38) 

(2.39) 
(2.40) 
(2.41) 
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if 1 < ^ < [|] , by Holder's inequality and Lemma A.l, we have 

Ivvf w'-^ II ^ I|V7^ II llw'-^ II 

|V niV n-2||^2 ^ 11^ "i||l3 11^ "sll^s 

1^2' II^^^^iIil^ II"^IIl2 II V "211^2 



i-t+1 e-1 e-i i-e+i 



< (||Vni||^2 + 11^211^2) (||v'+ini||^, + ||v'n2||^,) , (2.42) 

where a is defined by 



-, 3 since i < -] 



„ 1 l-e+1 , £-1 31-21 + 2 

^+2-"^^^ + (' + ^)^^^"-2rr^^ 

if [^] + f < £ < ^, by Holder's inequality and Lemma A.l again, we have 
||VVV'-%||^, < ||vV||i6 ||V'"'n2||^3 

< llVmllJf ||v'+ini||[, ||V"n2||i2 ||v'n2|| J 

< (||Vni||^2 + ||n2||^3) (||V'+ini||^, + ||V'n2||^2) , (2.43) 

where a is defined by 



1 \ , /+1 

-, 3 since i > — — . 



1 e I 

I - e + - = a X J +1 - £ =^ a = — e 

By ([13ni)-(E3Sl), we complete the proof of ([^35)) . 
Lastly, as in (|2.33D - (|2.36p . we have 

II V' {ui ■ Vu2 + U2 ■ Vmi + niVn2 + n2Vni)||^2 

+ II V' (ui • Vui + U2 ■ Vu2 + niVni + n2Vn2)||^2 
< Ci (I|V?ii||h2 + 11(^2,^1,^2)11^3) (||V'(7i2,Mi,U2)||^2 + ||V'+i(ni,n2,ui,U2)||^2) ■ (2.44) 
From the estimate of I2 in Lemma ^IM we have that for Z = fc or fc + 1, 
||V' (ui X B,U2 X i?)||^2 

< Cfe {\\{ui,U2)\\^.^,^^, + ||VB||^2) (||V'(ui,U2)|L2 + ||V'-+^S||^2) . (2.45) 
Plugging these estimates ((237| . (l238)) . ((2:441) and ^^M\i into by Cauchy's inequality, we obtain 

Jl ^ j '^^Ui-VV^ni + Vu2-VVn2 + \{ ^ || V'ni||^2 + XI ll^'"2||^2 ] 

l=k •' \l=k+l l=k J 

k+2 

Ivy'/'o,. o,_^l, 

IL2 



< CX||V'(ui,U2)|'' 



l=k 

/ k+2 k+2 



+CkG\ J2 l|V'^i|L2+X||V'(n2,7/i,U2)||^2 + ||V^-+ii3||^2 . (2.46) 

\l=k+l l=k I 

Here G is well-defined above. This completes the dissipative estimates for rti,ri2. 
Ste'p 2: Dissipative estimate of E. 

Applying V' {I — k,k + 1) to (jl.Sp ^ and then taking the inner product with —V'E, we obtain 



J v'9tU2 • v'£; + 2z/||v'£:||^2 < J vv'7i2- v'£; + c||v'(ui,u2)||^2 ||v'£;| 



L2 



+ II V' (ui • Vu2 + U2 ■ Vui + niVn2 + n2Vni + ui x B)||^2 ||^'-E^IL2 . (2.47) 

Again, the delicate first term on the left-hand side of (j2.47l) involves 9tV'u2, and the key idea is to 
integrate by parts in the f-variable and use the equation p.Sp ^ in the Maxwell system. Thus we obtain 



j VdtU2 ■ V^E 



d 
di 



J V'u2 ■ VE ~ V II V'u2||5^2 + y V'ii2 ■ V' (55 + v\l xB). (2.48) 
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From the estimates of in Lemma 12.81 we have that 

||V 3511^2 < Ci (||Vni||^2 + \\{n2,ui,U2)\\ffir,ffi '"2)11^2 + ||V ("11^2)11^2) • 

We must be much more careful about the remaining term in (I2.48P since there is no smah factor in front 
of it. The key is to use Cauchy's inequahty and distinct the cases of / = fc and I = k + 1 due to the 
weakest dissipative estimate of B. For I = k, we have 



V I V'=W2 • V X V'^B <e\\v''+^B\\l^ + ||v'^M2||^2 ; 



for I ^ k + 1, integrating by parts, we obtain 



< e ||V''^+1B|L, + C, ||V'=+2U2|L2 • (2.49) 



Plugging these estimates ^T^-^T^ and (ETil)) and (I^TiSl) from Step 1 into (PTf|) . by 

Cauchy's inequality, we then obtain 

fe+l „ fe+l k+2 

|2 



7 ft.^-L fi-Tj. f^-ri 

4E / ^'n2-VE + \Y,P'E\\l,<e\\V''+^Bf^,+C,Y,\\V{u,,U2)\ 

l=k '' l=k l=k 

I k+2 k+2 \ 

+CkG[ J2 ll^'"i|lL2+E||V'(n2,«i,W2)||'2 + ||V"+iB||'2 . (2.50) 



\l=k+l l=k 



This completes the dissipative estimate for E. 
Step 3: Dissipative estimate of B. 

Applying V'^ to (jl.5l) r and then taking the inner product with —V x V'^B, we obtain 



J V^dtE-y X V^B + v\\y X V'=B| 



2 

L2 



< V ||V''M2||^2 ||V X V'=B||^2 + IIV" 3511^2 ||V X V^B\\^,_ . (2.51) 
Integrating by parts for both the t- and x- variables and using the equation (|1.5P g. we have 

V'^dtE ■ V X V'^B J ■ ^ ^ + y" V X ■ V*'dtB 

= -— [ V^E ■ V X V^B - 1/ II V X V'^-BII^,^ . 
dt. II 11^' 



From the estimates of in Lemma 12.81 we have that 

11^=3511^2 < Ci (||Vni||i2 + 11(712, wi,M2)|lH.nH0 (||V'=+'(ni, n2)||^2 + || V'=(wi, U2)||i2) ■ 
Plugging the estimates above into (|2.5ip and by Cauchy's inequality, since div_B = 0, we then obtain 

~Jt J ' ^''^ X ^ + ^ W^^^^^fh^ ^ ^ Il^''"2||i2 + c II v'=+i£;||^2 

+Ck (||Vni||^2 + ||(n2,ui,U2)||^.n//i) (||V'+'("i>"2)||^2 + || V^(ui, U2)||'2) . (2.52) 

This completes the dissipative estimate for B. 
Step 4- Conclusion. 

Multiplying (|2.52l) by a small enough but fixed constant rj and then adding it to (|2.50p so that the 
second term on the right-hand side of (|2.52p can be absorbed, then choosing e small enough so that the 
first term on the right-hand side of (|2.50p can be absorbed; we obtain 

^ ^'"2 -VE-r^J y^E ■ V^-V xB^+X || V'i?||', + || V^'+^BH^,^ 

k+2 I k+2 k+2 \ 

< ||V'U2||^2 +CfcG J2 IIVSIII2 +E Il^'(^2,ui,u2)||^2 + ||V'+ii3||^2 . 

l=k \;=fc-|-l l=k / 

Adding the inequality above to (|2.46p . we get (|2.28p . □ 
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2.3. Negative Sobolev estimates. In this subsection, we will derive the evolution of the negative 
Sobolev norms of U := {ni,n2,ui,U2, E, B). In order to estimate the nonlinear terms, we need to 
restrict ourselves to that s g (0, 3/2). We will establish the following lemma. 

Lemma 2.10. For s G (0, 1/2], we have 

I \\U\\l^.+X\\iu,,U2)\\l-. < {\\{n2,u,,U2)\\l. + |lVK,i?)||^.) ||C/||^_. ; (2.53) 
and for s £ (1/2, 3/2), we have 

^ WUfn-s + A||(mi,W2)|||-= < ||(V7ii,n2,ui,M2)||^i 11^^11^-= 

+ ||(ni,B)||^;i/'||V(ni, 5)11^/'-^ ||(Vni,Vn2,wi, 7/2, Vwi,Vu2)||i.||C/||^_.. (2.54) 
Proof. The A~'* (s > 0) energy estimate of (|1.5P -^- (|1.5P g yield 

^ Q \\{ni,n2,Ui,U2)\\%-, + \\{E,B)\\%_,^ + ||(ui, U2)||^-, 

= J A'^gi ■ A'^ni + J A"" (52 + U2 x B) ■ A'^ui 

+ J A-'gs ■ A-'n2 + j A'' (.94 + wi x B) • A-^M2 +2 j A'^g^ ■ A'^E 

^ \\9i\\h-^ II"i|Ih-= + 11.92 +W2 X B\\ 

+ II.93|1h-. \\n2\\H-s + 11.94 + ^^1 X 1^211^-. + llffsllij-. \\E\\h-s . (2.55) 

We now restrict the value of s in order to estimate the other terms on the right-hand side of (j2.55p . 
If s e (0, 1/2], then 1/2 + s/3 < 1 and 3/s > 6. Then applying Lemma together with Holder's, 
Sobolev's and Young's inequalities, we obtain 

\Wl ■ Vu2\\h-. < \\U1 ■ \7U2\\^_^^ < ||ui||i3/. ||V?/2|L2 
<||V7.i||^/^+^||W||l('"^||Vz.2|L. 



<\\Vu,\\l, + \\yu2\\l. 



We can similarly bound the other terms in the gi ^ g^ and {ui + U2) x B. So we have 



5 



E + IIK +"2) X < \\{n2,u,,U2)\\l. + ||V(ni,i?)||^i . (2.56) 



1=1 



Now if s G (1/2,3/2), we shall estimate the right-hand side of (|2.55p in a different way. Since 
s G (1/2,3/2), we have that 1/2-1- s/3 < 1 and 2 < 3/s < 6. Then applying Lemma [2.41 and using 
(different) Sobolev's inequality, we have 



11^1 • V7.2IIA-. < ll^^ilLa/. ||v«2lL. < \\u,r-.''^ W'^u.fj^t' \\yu2\\ 



L2 



<\\ui\\m + \\^u2\\l. 



In particular, we must be careful about the terms involved with ni and B since they are both degenerately 
dissipative. For example, 

llmVn2||^-. < \\n,r-."^ \Wn,\\%'-' ||Vn2|L. ; 
\\u2xB\\^^.,<\\Br-,''^\\yBtlt^\\u2\\^.. 

Then, we have 

5 

X! \\9''.\\h-- + +"2) X < ||(V7ii,n2,ui,U2)||^i 

1=1 

+ 11(^,5)11^-;^/' ||V(ni,B)||^/'-^ IKVni, Vn2,ui,U2, Vui, V772)IL2 . (2.57) 
Hence, we deduce (^3^ from (^35]) and ([^31)1 from ([^37)1 . □ 
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2.4. Negative Besov estimates. In this subsection, we will derive the evolution of the negative Besov 
norms of U := (ni, n2, wi, M2, -E, _B). The argument is similar to the previous subsection. 

Lemma 2.11. For s G (0, 1/2], we have 

I \\U\\l-.^ + A \\{m,U2)\\l-^^^ < [\\in,,u,,U2)\\l. + ||V(ni,i?)||^,) ||[/||^-^ ; 
and for s G (1/2, 3/2], we have 

^||[/|||-. + X\\{u,,U2)\\l-. <mn,,n2,u,,U2)\\l.\\U\\^-s 

(Xl 2,0c 2,0c 2,00 



(m, 5)11^-^1/' ||VK, ' IKVni, Vn2, ui, U2, Vwi, Vu2)||i. \\U\\ ^ 



2.0 



Proof. The Aj energy estimates of (ll.5P j^- (|1.5P g yield, with multiplication of 2 and then taking the 
supremum over j G Z, 



^ (^\\{n,,n2,u,,U2)\\l-s^ + \\{E,B)\\l-.^ ) + U2)|||,- 



< sup 2 ^'-^ / Ajgi ■ AjUi + {g2 + U2 x B) ■ A^ui 

+ sup 2"^''^ / Ajgs ■ Ajn2 + Aj (54 + ui x B) ■ AjU2 + 2Ajg^ ■ AjE 
jez J 

+ I|53|Ib-= ll"2b--^ + 11.94 + WlXS||^-. ||u2|Ib-^- +II.95|Ib,- II^^IIs,- • 

2,00 I.cxi 2.0c 2.0c 2,00 2,00 

Then the proof is exactly the same as the proof of Lemma 12.101 except that we should apply Lemma 
instead to estimate the B^^ norm. Note that we allow s = 3/2. □ 

3. Proof of theorems 

3.1. Proof of Theorem ll.il In this subsection, we will prove the unique global solution to the system 
p.Sp . and the key point is that we only assume the norm of initial data is small. 
Step 1. Global small £3 solution. 

We first close the energy estimates at the level by assuming a priori that ^/Esit) < S is sufficiently 
small. Taking A: = 0, 1 in (j2.3p of Lemma 12.81 and then summing up, we obtain 

,3 3 

^EII^'^IIl^ +^EII^'("1'"2)||l2 < Vs^Vs + ^sV^Vs^ < SV3. (3.1) 
Taking fc = 0, 1 in (|2.28p of Lemma [2.91 and then summing up, we obtain 

^ [ V'ui ■ VV'ni + V'm2 ■ VV'na +Y [ V'm2 • V'i; ~ [ ■ V'V x b\ 

+A (t + E II V'r.2||^. + t \\^^E\\l + ± WV^BWl] 

\i=i 1=0 1=0 1=1 / 

3 

<EI|V'(U1,U2)||'.+<52P3. (3.2) 

1=0 

Since S is small, we deduce from p.2p x e + p.ip that there exists an instant energy functional £3 
equivalent to £3 such that 

Integrating the inequality above directly in time, we obtain (jl.7p . By a standard continuity argument, 
we then close the a priori estimates if we assume at initial time that £3(0) < 60 is sufficiently small. This 
concludes the unique global small £3 solution. 
Step 2. Global £n solution. 
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We shall prove this by an induction on > 3. By (|1.7p . then 
holds for - 1 (then now iV > 4). Taking fc = 0, . . . , iV - 2 in 
up, we obtain 



is valid for = 3. Assume 
of Lemma 12.81 and then summing 



, N N 



L2 



(=0 



< Cat \/ E'jv- 1 \/£n\/ T^n + G \fVjq~\\fv^ \fE^ < Cn\/T^n-i\/o. 



N- 



(3.3) 



Here we have used the fact that 3 < 



N-2 



2 |2<A^ — 2 + 1 since TV > 4. Note that it is important that 
we have put the two first factors in (j2.3p into the dissipation. 

Taking A: = 0,...,A^ — 2in (12. 28^ of Lemma [^7^ and then summing up, we obtain 



, /N-l N-l N-2 

\ i=n '' 1=0 •' i=Q '' 



N 



N 



-A EI|V' 



nil 



2 



Af-1 



EK4.= + EKi? 



a = l 

N 



1=0 



1=0 



1=1 



<C7^||V'(7/1, 



U2) 



lL2 



(3.4) 



1=0 



We deduce from (|3.4p x e + p. 31) that there exists an instant energy functional £n equivalent to £n such 
that, by Cauchy's inequality. 



This implies 



at 



1 



We then use the standard Gronwall lemma and the induction hypothesis to deduce that 

£N{t)+ fvN{T)dT < CfJv(0)e^"/o^«-l(-)'i- 
"'o 

< C£:jv(0)e^"-f'"-i(^"-i(°» 

< C£jv(0)e^"^"-i(^"(o» = Pat (£jv(0)) . 
This concludes the global fjv solution. The proof of Theorem 1 1.1 1 is completed. 



□ 



3.2. Proof of Theorem 11.21 In this subsection, we will prove the various time decay rates of the 
unique global solution to the system (jl.Sp obtained in Theorem ll.il Fix > 5. We need to assume that 
fAr(O) < 6q = Sq{N) is small. Then Theorem 11.11 implies that there exists a unique global £n solution, 
and £N{t) < Pn (^^Af(0)) <5o is small for all time t. Since now our Sq is relative small with respect to 
A^, we just ignore the N dependence of the constants in the energy estimates in the previous section. 
Step 1. Basic decay. 

For the convenience of presentations, we define a family of energy functionals and the corresponding 
dissipation rates with minimum derivative counts as 



ck+2 



k+2 

E 

l=k 



Ellv't/| 



L2 



and 



fe+2 



pfe+2 



fc+2 



fc+1 



E ll^'^^iIlL^ +E Il^'("2,wi,u2)||i2 +E 11^'^ 



Tfe+l 



B\ 



L2 



(3.5) 



(3.6) 



By Lemma 



i = fe+l l=k 

we have that for fc = 0, . 

fe+2 fe+2 



l=k 



,iV-2, 



1EI|v'<. + aEI|vV,"2)"^ 



l=k l=k 
< V^P^2 + ||(n2,«l,U2)|L„ 



yfe+2 



(rii,n2,Ui,W2) 



lL2 



Ii2 



(3.7) 
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By Lemma [2.91 we have that tor k = 0, . . . , N — 2, 

d f^^^ f ^'^^ f f \ 

JtW^ I ^'"^ ' ^^'"1 + ^'"2 • VV'na + 51 / ^'"2 • - t] j V^E ■ V'^V x B J 

Cfc+2 fc+2 fc+1 \ 

;=fc+i i=fc i=fc / 

fc+2 fc+2 

<^||v'(ui,u2)||'. +^oEll^'("i'"2)||'2- (3.8) 

l=k l=k 

Since is smah, we deduce from p.Sp x e + p.7p that there exists an instant energy functional f^^^ 
equivalent to ^^^^ such that 

|^fe+2^pfc+2< ||(„^^^^^^^),|^^||^fc+2(^^^„^^^^^^^)||^^||yfc+2(^^5)||^^^ (3.9) 

Note that we can not absorb the right-hand side of p.9p by the dissipation T)^'^ since it does not 
contain ||V'^+2(£'^ _B)||^2. We will distinct the arguments by the value oik. If A: = or A: = 1, we bound 
||yfc+2^^^ i?)||^2 by the energy. Then we have that for fc = 0, 1, 

_d 

which implies 



^fc+2 ^ 2?fe+2 < ^pfc+2 /pfc+2^ < 



d_ 

dt''^ 



^^^+2 + 1?^+^ < 0. 

If fc > 2, we have to bound || V'=+2(£', B)||^2 in term of \^^^'^(E,B)\^^ since \Jvl+'^ can not control 
||(ri2,Mi,W2)|lioo. The key point is to use the regularity interpolation method developed in By 
Lemma l2.ll we have 

11(^2, Ui,M2)|Iloo ||V'^+2(ni,n2,Ml,U2)||^, {E , B)\\ 

^ 3_ _3_ 

< 11(^2, ui, U2)||^2 ||V''(n2,Ui,U2)||22 ||V''+2(ni,n2,Ui,U2)||^2 

• ||v'=+i(£:,B)||5^;* ||V"(i;,B)||* , (3.10) 

where a is defined by 



fc + 2=(fc + l)x(l-— J+ax — =^a=-fc + l. 



^£^2 ^ pfc+2 < < 



-£^+2 + < 0. (3.11) 



Hence, for fc > 2, if iV > ffc + 1 2 < fc < ^{N - 1), then by (|3TT0)) . we deduce from (|3H) that 

which allow us to arrive at that for any integer fc with < fc < ^{N — 1) (note that N — 2 > ^{N — 1) > 2 
since TV > 5), we have 

d 

di' 

We now begin to derive the decay rate from p. lip . In fact, we have proved (jl.9p or (|1.10p in the 
similar fashion of [24 by utilizing Lemma [2. 101 and 12. Ill Using Lemma [2.61 we have that for s > and 
fc + s > 0, 

||V''Xni,B)||^, < \\{nuB)\\f^ B)\\]J^ < Co ||V'=+i(ni, i?)||^ . 

Similarly, using Lemma 12.71 we have that for s > and fc + s > 0, 

||V^ni,S)||^. < \\{n,,B)\\f^ || V'=+i(ni, i?)|| ™ < Co ||V'=+i(ni, i?)||™ . 

On the other hand, for A; + 2 < A^, we have 

N -k-2 1 N-k-2 

||V'=+2(S,B)||^2 < \\y''+\E,B)\\^,-''-' \\V^{E,B)\\^-''-' <Co||v^-+i(i;,B)||^-'"' . 
Then we deduce from p. lip that 
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where ?? — max jv_fc_2 |- Solving this inequahty directly, we obtain in particular that 

< {[4'+'(0)]"'''+i9t}"'^'' <Co(l + t)-^/'' =Co(l + t)-"""^'=+"'^-'=-'>. (3.12) 

Notice that p.l2p holds also for k + s = 0ork + 2 = N. So, if we want to obtain the optimal decay rate 
of the whole solution for the spatial derivatives of order k, we only need to assume N large enough (for 
fixed k and s) so that k + s<N — k — 2. Thus we should require that 

N > max j/c + 2, ^fe + 1, 2fe + 2 + s| = 2/c + 2 + s. 

This proves the optimal decay (jl.lip . 
Step 2. Further decay. 

We first prove (|1.12p and (|1.13l) . First, noticing that -i/g = divi?, by (jl.lip and Lemma if 
iV > 2fc + 4 + ,s, then 

W^'Mt)]]^, < ||V'=.g(OL. < ||v''^+ii?(t)|U <Co(l + t)-'^. (3.13) 



12,2 ^ II .yVV||i2 II ^VV||i2 

,2,(1131)4,(1111)5 



Next, applying V'^ to (|1.5l) n. (|1.5p (|1.5P c and then multiplying the resulting identities by V'^ui, V'^U2, 
V'^E respectively, summing up and integrating over R'^, we obtain 

jt J Qiv'("i,"2)r+iv^-i?i') +i/iiv^-("i,^2)ii^. 

^ j (-Vni + 52 + "2 X S) • V'^ui + j (-Vn2 + qa + uiX B) ■ V^U2 

+2iy J V*^' (V X B + .gs) • V'^E 
< llV^+^nill^, + II (.92 +M2 X B)\\^, ||V%||^, 

+ ll^''^'"2|L. W^^'^^L- + 11^'' (.94 + "1 X ■B)|Il^ I|V''«2|L. 

+ ||V'= (V X B + .95)11^. I|V''^IL2 ■ (3.14) 
On the other hand, taking / = fc in (|2.47p . we may have 

-J V''dtU2-V''E + 2v\\v''E\\l, < J V\7''n2-S7''E + C\\\7''{ui,U2)\\^2\\'^''E\\L2 

+ ||V^- (54 + uix B)\\^, P''E\\l^ ■ (3.15) 
Substituting (|2.48l) with I — k into p.lSp . we may then have 

d_ 

di 



< IIV^ualL. + (||v'^+in2||^, + ||v'=(ui,7.2)|L.) HV^i^H^, 

+ ||V'= (V X 5 + 55)11,2 IIV'usL. + 11^= (54 + ^^1 X B)|U IIV^SlU . (3.16) 



Since e is small, we deduce from p. 161) x £+ p.l4p that there exists J-k{t) ~ || V'^(ui, U2, -£')(t)||^2 such 
that, by Cauchy's inequality. Lemma O (1^:^ . (PTMl) . (122S1), (fTTTl) and (|XTO1) . 

j^Tkit) + Tk{t) 

< ||V^-+i(ni,n2)||', + llV^+^i?!!^, + ||V'= (52 + ^^2 x B)\\l, 
+ II V'^' (54 + ui X B)||^, + II V'^55||^, 

< ||V'=+l(ni, 7.2,5)11', + (11(^.1,7.2)11^1 + ||VB||^.)' 

+ ||(ni,n2,ui,U2)|lioc ||V'''+i(?.i,?.2,Wi,W2)||^2 + l|Vni||^<^ ||^''"i|Il2 

< Co{l + t)-^''+^+'\ (3.17) 
where we required > 2fc + 4 + s. Applying the standard Gronwall lemma to p.l7p . we obtain 

^fc(t) < -^fc(0)e-* + Co /* e"(*-"Hl + t)-(^'+i+^) dr < Co{l + ty'-'^+'+'l 



2 

L2 
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This implies 

\\V''{ui,U2,E){t)\\^, <VJ^<Co{l+t)-'^. 

We thus complete the proof of (|1.12l) . Notice that (|1.13l) now follows by p.l3p with the improved decay 
rate of E in (I1.12p . just requiring > 2fc + 6 + s. 

Now we prove (|1.14p . Assuming Boo — 0, then we can extract the following system from (ll.SD n- ljl.Sp ^. 
denoting ijj = divu2, 

f 9(712 +V' = 53, /o 

\ 9t-0 + 1^-0 - 2z^^n2 = -An2 - div(g4 + ui x B) + 2iy^ {-g - 712) . 1-7 

Here g is defined in (|2.27p . Applying V'' to (|3.18p and then multiplying the resulting identities by 
2i/^V'^n2, respectively, summing up and integrating over M.^, we obtain 

d 



= 21^^ J V'=53VSi2 - J V'^An2V'=V 

- y" V'^ [div(g4 + uixB)- 2iy^ (-g - ^2)] VV- (3.19) 

Applying V'^ to p.lSP n and then multiplying by — V'''ri2, as before integrating by parts over t and x 
variables and using the equation p.181) -^. we may obtain 

J V'^>V'^n2 + 2iy^ || ^^^211 J^, = || V'=V'||i2 + J V'^n2V'=7/; - J V^ggVV 



dt 



- J V*" [An2 + div(54 + ui x B) ~ 2^"^ {-g - na)] V'^na. (3.20) 



Since e is small, we deduce from (I3.20p x e + p.l9p that there exists Qk{t) ^ || V*'(n2, -0) ||^2 such that, 
by Cauchy's inequality, 

^^Gkit) + Gkit) < IIV^+^^^ll^^ + ||V^g3||'2 + II V'=+\g4||^2 + ||V^-+i(7.i x B)\\l, 



dt 



V (-9 -.12)11;,. (3.21) 



By Lemma 12.21 and Lemma 12.31 we obtain 

II (-5 - «2)||^2 < ll"i|li=o II V'^n2||', + ||VV||', \\n2\\l^ 
< 5o 11^=71211', + I|n2||i„. ||vV||i2. 
By Lemma 12.31 and Cauchy's inequality, we obtain 

||v'=+1(mi X B)||', = ||ui X V''+^B+[v''+\u,] X B||', 

< 11^1 X V'=+ii?||', + ||[V'^+\7ii] xBll', 

< \\u,\\l^ IIV-^+^Bll'. + \\Vu,\\l^ W^'SWI, + \\V''+'u^\\l, \\B\\l^ . 

The other nonlinear terms on the right-hand side of (I3.2ip can be estimated similarly. Hence, we deduce 
from (p:^ that, by (lLTT]) -([rTO l) . 

j^Gkit) + Gkit) 

< W^'+^n^Wl, + \\u,\\l^ IIV^+iBll'. + \\Vu,\\l^ W^'bWI, + \\B\\l^ IIV^+^uill^, 

+ lkl2|lL~ ||^''"i|Il2 + ||("l,»^2,Wl, '"2)11^00 ||V''+^(ni,7l2,7il,U2)||^2 

+ \\V{ni,n2,ui,U2)\\1ac ||V''+^(ni,7i2,Mi,U2)||^2 

< Co ((1 + t)-('=+3+-) + (1 + i)-(fc+7/2+2«) ^ ^ ^)-(fe+ll/2+2.)^ 

< Coil + t)-^''+^+''\ (3.22) 
where we required > 2fc + 8 + s. Applying the Gronwall lemma to p.22p again, we obtain 

Gkit) < gk{0)e-' + Co f e-(*-^'(l + t)-(^-+3+^) dr < Co{l + 
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This implies 

||V'=(n2,V)W|L2 < V^<C^o(l + 0"'^- (3.23) 
If required iV>2fc+12 + s, then by we have 

||V'=+2n2(t)||^,<Co(l + r'^- 
Having obtained such faster decay, we can then improve p.22p to be 

J^Gkit) + Qkit) < Co ((1 + + (1 + i)-(fc+V2+2.) j < Co(l + f)-(fc+V2+2s)_ 

Applying the Gronwall lemma again, we obtain 

1 1 V^- (n2 , ^) (t) 1 1 < VelW < Co (1 + <) -('=/2+7/4+.) . 
We thus complete the proof of (|1.14l) . The proof of Theorem II .21 is completed. 
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